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Two Crucial Points
(1)How to define the Vishik-Wentzell 
Boundary Conditions in the framework 
of Sobolev spaces.
(2) How to study the Fredholm boundary 
pseudo-differential operator, by using 
the theory of pseudo-differential 
operators.


Alberto Pedro Calderon
Ealberto Pedro Calderon (1920-1998)
Algentinian Mathematician
Robert T. Seeley
Robert T. Seeley (1932-2016)
American Mathematician
References
• Seeley: Singular Integrals and Boundary 
Value Problems, American Journal of  
Mathematics, 88 (1966), 781-809.
Maximal Domain
 
2 2
2 2
2 2
( ) ( ) ( )
W e 
(
define the 
w ith th
) ( ) :
e 
( )
H L L
H u
u u
u L
u
L
   
       
  
m axim al dom a
grap
in
h norm
Definition of the boundary condition (1)
   5/ 2(
( )
')
u H
uu x Q u H 

    

  

n
 
2 such th
in ,
0 o
at
n 
! ( )D
v
v f
f
G
v
H
  

   
 
Dirichlet problem
Definition of the boundary condition (2)
   
     
   
  1/ 2
2
(2)
(1)
0
(
( ')
( ')
( ')
:
)
D
s s
D
D
s
D
D
DQ G fG f x G f
x G f
x G f
Q
H
G H H






  
 



  


 
n
n
n
Definition of the boundary condition (3)
 ) gain of (1/2 - (-1/2) one derivative
 
/ 2
2
1
: (
0 in
( )
)
 
,
D
w
w
w u L
H
v u G f
P 
  


     
  
Poisson kernel
 
Definition of the boundary condition (4)
 
1 / 2
(
,
(
)
)
DG u P
u H
u
H




 






Definition of the boundary condition (5)
     5 / 2 (
(
)
)
: D
u H
u HG Pu  


 

     
Definition of the boundary condition (6)
      1/ 2( ') ( )D DG u x G Hu     n
 
5 / 2
( ) ( ')
( ') ( )
P x P
x H
Q
Q
 




 


  
 
 
n

Erik Ivar Fredholm
Erik Ivar Fredholm (1866-1927)
Swedish Mathematician
Fredholm Boundary Operator
 
 
21 1
, 1 1
( ) ( ')
( ') ( ')
( ') ( ')
n n
ij j
i j ji j j
Q
x x
x
T P x P
x P
x x
x
 
 

 
 
 

 
 
 


 

 
  
 

 
n
n
Dirichlet-to-Neumann Operator
  , ( )P C   

   


n
 1/ 2 1cl'
'
' ( ,)L 

  




Laplace - Beltrami operator on 

( ') 0(H)  on x  
Fundamental Hypothesis
 22
2 2
2
2 2
2
W e define a  operator
: ( ) ( )
as follows:
(a) 
(b) ,  ( )
Then  is a 
with for .
( ) ( ) : 0  on D u
L L
u u
H
u
u
D
I

   
  
 
 

 


Fredholm
densely de
 operator
 index zero 
fined, close
C
d
A
A
A A
A
Index Formula
Fredholm Alternative 
2 2injective surjectiveA A

Sobolev Regularity Theorem 
 
 
 
2
2
T hen w e have, for all  
,
0,
,
0
.
s
s
s
u f
u
L
H
u H
u

 



  
 



 

 o f  2 -d e riv a tiv e s
a s  in  th e  
 e l lT h e ip tic  g a in
N e u m a n n  c a se
Regularity Theorem (1) 
 
 
2
2
2( )
(
,
)
,
0
u L
u L
u
u H
u H

 
  
 
 


 

 

Regularity Theorem (2) 
 
 
2
0,
,
0
u L
u
u
u C 

  
  

 
 

Uniqueness Theorem
2
If a function     
is a solution of the hom ogeneous 
0 in ,
0
problem
then it fo llow s tha
( )
0
t 
.
o
i
n ,
n
u L
u
u
u
  
 


 


Classical Maximum Prin
Sobolev Regularity Theor
ciple
Uniqueness T
em
heorem

Maximum Principle
(Aleksandrov-Bakel’man)
 
l
'
oc
2,
0 for a.a
Assume that:
( ) ( ),
The
sup ( ) sup max{ ( '), 0
:
.
n
.}
n
x x
u C
Au
u x
x
W
u x
x
 
   

 
 
2,
0 0
loc
Assume that
( ) ( ),
,
sup 0.
Th
s.t.
e
0 for a.
(
n:
a.
, .) ( )
nu C W
m u
x u x m u
Au x x
x m x


 
    
 
 



Strong Maximum Principle
Hopf Boundary Point Lemma
 
loc
'
1 2 ,
'
0
'
0
0 ( ) sup 0
( ) 0
Assume that
( ) ( ),
.
such that
( ) ,
Then :
0 for a. a.
.
nu C W
x u x u m
u
Au
m y
x
y
x
x
u

    


     

   





n
Fredholm Alternative 
2 2injective surjectiveA A

Existence and Uniqueness Theorem
2
The linear  problem
in ,
0 on
has a  solution ( )
for  ( ).
s
s
u f
u
u H
f H

  
  
 
 
unique
a
homogenous
ny
 o f  2 -d e riv a tiv e s
a s  in  th e  
e llT h e ip tic  g a in
N e u m a n n  c a se

Fredholm Alternativ
Un
e
Ex
iqu
ist
eness Theor
ence T
em
heorem

Regularity of the Resolvent
1 2
0
( )
(
on
)
s
s
H
u f
u f
u
H 
  
   


  2A
 of 2-derivatives from  fE lliptic gain
Conclusions (Agmon’s theory)
 
2
1
2
j(1) The spectrum of is  and the eigenvalues  of have
finite multiplicities.
(2) All rays different from the  are rays of minimal growth
of the resolvent 
(3) The nega
 
.
t
I


discrete
negative axis
　 2A A
A
jive axis is a of eigenvalues 
of .
direction of condensation 
2A


,
on .
in
0u
u f  
  



 
 (
)
')
( '
D
T x P
x f
Q
G
   

 
 



n
n
 1 ) o( ' nD DGu P ffG x   
   


 
n
T
Reduction to the Boundary
( ') 0 onx  

Fredholm Boundary Operator
21 1
, 1 1
( ')
( ')
( ') ( ') ( ')
n n
ij j
i j ji j j
Q
x x x
x x
T x
x
x

 



 




 
 

  
 



 

 
Symbol of a Pseudo-Differential Operator (1)
1
1
1
,
1 ( ')( ') ( ')
( ') '
n
ij
i j
i j
n
j
j
j
xx x
x
 

  

 
 

  
1
,
( ') ( ') 0 on ( )
n
ij
i j
i j
x x T   



  
( ') 0(H)  on x  
(1) Garding's Inequality
  2 21/20 ( )
0 1
2
1 ( )
Re ( '
0,
)
 0 such th t
,
a
LH
c c
c cx       
   

( ') 0(H)  on x  
Lars Garding
Lars Garding (1919-2014)
Swedish Mathematician
(2) Real Part of the Symbol
1
,
Re
( '
The sy
) ( ')
on ( )
mbol of
1 div ( ')
2
 
n
ij
i j
i j
Q
xxx
T
  




 


(3) The Fefferman-Phong Inequality
  222
2
( )
Re
0 suc at
,
h th
L
Q c
c
   
 

1
,
( ') ( ') 0 on ( )
N
ij
i j
i j
x x T   



  
References
• Fefferman, C. and Phong, D.H.
On positivity of pseudo-differential operators, 
Proc. Nat. Acad. Sci. 75 (1978), 4673-4674.
(4) The Energy Estimate
     
  21/ 2 21 2 ( )
2
0 ( )
Re ( ') ,Re Re ,,
H L
T
c
x
c
Q
c
    

 
  
  



( ')T x Q  
Hypoellipticity (Hormander)
     
  21/ 2 21 3 ( )
2
0 ( )
Re ( ') ,Re Re ,,
H L
T
c
x
c
Q
c
    

 
  
  



1/ 2
3/ 2
'( ),
(
( )
)s
sD
H
T H






 
lo( (3/2 = + 1/ss of  1  one derivat2) ve)i



References
• Hormander: A Class of Hypoelliptic 
Pseudodifferential operators with Double 
Characteristics, Math. Ann. 217 (1975), 165-
188.

22
( )
( )
( )
s
s
D
f u H
u H
L
G
u
f P 

   
 


   
Sobolev Regularity Theorem
 o f  2 -d e riv a tiv e s
a s  in  th e  
 e l lT h e ip tic g a in
N e u m a n n  c a se


Shmuel Agmon
Shmuel Agmon (1922-)
Israel Mathematician
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